
AIA A JOURNAL
Vol. 32, No. 7, July 1994

Thermomechanical Buckling of Multilayered
Composite Panels with Cutouts

Ahmed K. Noor,* James H. Starnes Jr.,t and Jeanne M. Peters$
NASA Langley Research Center, Hampton, Virginia 23681

A study is made of the thermomechanical buckling of flat unstiffened composite panels with central circular
cutouts. The panels are subjected to combined temperature changes and applied edge loading (or edge displace-
ments). The analysis is based on a first-order shear deformation plate theory. A mixed formulation is used with
the fundamental unknowns consisting of the generalized displacements and the stress resultants of the plate. Both
the stability boundary and the sensitivity coefficients are evaluated. The sensitivity coefficients measure the sensi-
tivity of the buckling response to variations in the different lamination and material parameters of the panel.
Numerical results are presented showing the effects of the variations in the hole diameter, laminate stacking
sequence, fiber orientation, and aspect ratio of the panel on the thermomechanical buckling response and its sen-
sitivity coefficients.

Nomenclature
[A], [B], [D], [AJ = matrices of the extensional, coupling,

bending, and transverse shear stiffnesses of
the panel

d = diameter of the circular cutout
EL, ET = elastic moduli of the individual layers in the

direction of fibers and normal to it,
respectively

[F] = linear flexibility matrix of the panel, see
Eqs. (B2)

GLT, GTT = shear moduli of the individual layers in the
_ plane of fibers and normal to it, respectively

{G (Z)} = vector of nonlinear terms of the panel, see
Eqs. (1)

[H] - vector of stress-resultant parameters
h_ = total thickness of the panel
[K_ ] _ = global linear structural matrix, see Eqs. (1)
[Ki ], [K 2 ] = geometric stiffness matrices of the panel, see

Eqs. (3)
Lb L2 = side lengths of the panel in the xl and x2

coordinate directions, respectively
= bending stress resultantsM|_, M2, MI 2, A/21

{MU, *,)},_
_{N(H,X,Xe)}

NL
{N}, {M}

{NT}, [MT]

N,-,Nf

= subvectors of nonlinear terms, see Eqs. (B3)
= applied compressive edge loading
= critical value of NI
-- in-plane (extensional) stress resultants
= number of layers in the panel
= vectors of in-plane and bending stress

resultants, see Eqs. (Al)
= vectors of thermal forces and moments in the

panel, see Eqs. (Al)
= shape functions used in approximating each

of the stress resultants
= vector of normalized applied edge loading
= transverse shear stress resultants ~
= vector of transverse shear stress resultants
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J, [S2]

U

MI, M2, >

{X}

[Xe]

x\, x2, x

{Z}
aL,aT

Ysp

{K}

= vectors of normalized thermal strains and
mechanical loads (or strains)

= matrices of the extensional and transverse
shear stiffnesses of the &th layer of the plate
(referred to x^ x2, x3 coordinate system)

= applied edge displacement
= critical value of qe
= thermal strain and edge loading (or edge

displacement)jparameters associated with
{ Q(1}} and { g(2)}, respectively

= critical combination of ql and q2,
respectively

= linear strain-displacement matrices
associated with the free nodal displacements
[X] and the constrained (prescribed
nonzero) edge displacements, q 2 { X e ]

= critical value of T0
= uniform temperature change
= strain energy density (energy per unit surface

area) of the panel
= displacement components in the coordinate

directions, see Fig. 1
= vector of free (unknown) nodal

displacements
= normalized vector of constrained (prescribed

nonzero) edge displacements
= Cartesian coordinate system (jc3 normal to the

middle plane of the panel)
= response vector of the panel
= coefficients of thermal expansion of the

individual layers in the direction of fibers
and normal to it, respectively

= vector of coefficients of thermal expansion of
the Ath layer of the panel (referred to the jcl9
x2, x3 coordinate system)

= vector of transverse shear strain components
of the panel, see Eqs. (Al)

= transverse shear strains in the panel, P = 1, 2
= vector of extensional strain components of

the panel, see Eqs. (Al)
= thermal strain subvector, see Eqs. (B4) and

Eqs. (C4)
= fiber orientation angles of the individual

layers
= vector of bending strain components of the

panel, see Eqs. (Al)
= lamination and material parameters of the

panel
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vLf = major Poisson's ratio of the individual layers
()>!, <|>2 = rotation components of the middle plane of the panel

Subscripts
If - 1 to the total number of stress-resultant parameters in

the model (components of the vector {H})
/, / = 1 to the total number of free nodal displacement

components in the model (components of the vector
{X})

/, j = 1 to the total number of degrees of freedom (free nodal
displacements and stress resultant parameters) in the
model

/', / = 1 to the total number of shape functions used in
approximating each of the stress resultants (within
individual elements)

L = direction of fibers
I = 1 to the total number of material and lamination

parameters considered
T = transverse direction
T = thermal
P = 1,2

Superscripts
k = layer
r = iteration cycle
t - matrix transposition

Introduction

CONSIDERABLE literature has been devoted to the study of
buckling of isotropic panels with cutouts. More recently, a

number of studies considered the buckling of composite panels
with cutouts. These included both experimental investigations as
well as approximate and numerical studies (see, for example, Refs.
1—10). Except for Refs. 5 and 7, all of the cited references consid-
ered only mechanical loading. Because of the increasing use of
fibrous composite materials in flight vehicle structures subjected
to elevated temperatures, an understanding of the thermomechani-
cal buckling response of composite panels with cutouts is desir-
able. Moreover, a study of the sensitivity of the buckling response
to variations in the material and lamination parameters of these
panels is needed to provide an indication of the effects of changes
in these parameters on the panel response.

The present study focuses on understanding the detailed buck-
ling response characteristics of multilayered composite panels
with cutouts, subjected to combined mechanical and thermal loads,
and the sensitivity of these response characteristics to variations in
lamination and geometric parameters. The unstiffened flat panels,
with central circular holes, considered in the study consist of a
number of perfectly bonded layers and are symmetrically lami-
nated with respect to the middle plane. The individual layers are
assumed to be homogeneous and anisotropic. A plane of ther-
moelastic symmetry exists at each point of the panel parallel to the
middle plane. The loading consists of a combination of a uniform
temperature change and either an applied edge loading or an ap-
plied edge displacement. The material properties are assumed to be
independent of temperature.

Mathematical Formulation
Governing Finite Element Equations

The analytical formulation is based on a first-order shear defor-
mation, von Karman-type plate theory with the effects of large dis-
placements, average transverse shear deformation through the
thickness, and laminated anisotropic material behavior included. A
linear, Duhamel-Neumann type, constitutive model is used, and
the material properties are assumed to be independent of tempera-
ture. The thermoelastic constitutive relations used in the present
study are given in Appendix A. The panel is discretized by using
two-field mixed finite element models. The stress resultants are al-
lowed to be discontinuous at interelement boundaries in the model.
The sign convention for generalized displacements and stress re-
sultants for the model is shown in Fig. 1. The external loading con-

EL=151.68GPa
Er=9.65 GPa
GLr=5.93 GPa
0^=3.65 GPa
vLr=0.32
a, =5.5x10*7 °C
ar =7.28x10"67°C
Thickness of individual

Iayers=1.32x10"4m

Fig. 1 Panels considered in the present study and sign convention for
stress resultants and generalized displacements.

Table 1 Boundary conditions used in the present study

Typea At xl = ±LJ2 At x2 = ±L2/2
Id and 1L
2d and 2L
3d and 3L

u2 = w = (|)2 = 0
Hj — \\? =: (I), — (j)^ = 0

H~ rz yy zz (j). — (j)^ = Q

W = (|>l = 0

M2 = W = (!>! =0

ad in the boundary condition type refers to prescribed edge^isplace-
ments u{ = +qe/2, and L refers to prescribed edge loading NI (HI is
not prescribed).

Table 2 Composite panels considered in the numerical studies3

Panels
Quasi-isotropic

Anisotropic

Cross-ply

Panel no.
Ql
Q2
Q3
Al
A2
A3
A4
A5
Cl
C2

Laminate stacking sequence
[±45/0/90],,,

[±45/0/-45/90]ns
[±45/90/-45/0]n5

[±45]2/w
[±45/902jL

[+45/907- 45/90]M
[±45/02]n,

[+45/07- 45/0]w
[0/90]2/w
[90/0]2n5

an = 1, 2, or 3 corresponds to the total number of layers NL = 8,16, or 24,
respectively.

sists of an applied edge loading A^ (or an applied edge displace-
ment qe) and a uniform temperature change r0 that is independent
of the coordinates jq, jc2, and jc3.

The governing finite element equations describing the nonlinear
response of the panel can be written in the following compact
form:

{/(Z)} = -q2{ Q (1)

where [K] includes the flexibility and the linear strain-displace-
ment matrices, and {Z} includes both unknown (free) nodal dis-
placements and stress-resultant^parameters. The form of the arrays
[K], { G(Z)}, { g(1) }, and { g(2) } is described in Ref. 11 and is
given in Appendix B.

Prebuckling State
The prebuckling responses (generalized displacements and

stress resultants) associated with the thermal strain and applied
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edge loading (or edge displacements), respectively, are given by
the following set of linear equations with two right-hand sides (one
corresponding to ql - 1 and q2 = 0, and the other to ql = 0 and q2 =
1):

[K] (2)

where subscripts 1 and 2 refer to the response vectors associated
with the thermal loading and the applied edge loading (or edge dis-
placement), respectively.

Identification and Determination of Stability Boundary
For certain combinations of the two parameters qv and q2, an in-

stability (or bifurcation) occurs. The totality of the critical (or bi-
furcation) points in the q\-q2 space constitutes the stability bound-
ary that separates regions of stability and instability.

If prebuckling deformations are neglected, the equations that de-
termine the stability boundary for the panel can be cast into the
form of a linear algebraic eigenvalue problem as follows:

where {Z
forms of

(3)

is the associated modal response vector. The explicit
and [K2] are given in Appendix B.

Sensitivity of Buckling Response to Variations in
Lamination and Material Parameters

Sensitivity coefficients can be used to study the sensitivity of
the thermomechanical buckling response to variations in the dif-
ferent material and lamination parameters of the plate. The expres-
sion for the sensitivity coefficients of the critical combination of

load parameters with respect to the lamination and material param-
eters of a composite plate is given by

{Z}

(4)

Application of Multiple-Parameter Reduction Method
To reduce the cost of determining the stability boundary for dif-

ferent composite plates, multiple-parameter reduction methods
have been developed for substantially reducing the number of de-
grees of freedom used in the initial discretization. These methods
are based on successive applications of the finite element method
and the classical Rayleigh-Ritz technique. The finite element
method is used to generate a few global approximation vectors (or

Buckling Response
All of the panels considered have symmetric lamination with re-

spect to the middle plane and are assumed to remain flat until
buckling. The prebuckling displacements exhibited inversion sym-
metry characterized by the following relations:

w(xl9x2) = 0
( x 9 x ) = 0

(5)

15 r- 15 Or-

0 .0 .6 .6

Fig. 2a Effect of hole diameter on the critical values of Tcr and qgtCr for 16-layer panels with boundary conditions type 2d; L^lLi - 1.0.



1510 NOOR, STARNES, AND PETERS: BUCKLING OF COMPOSITE PANELS

ie,cr •

e,cr

0.0 .6

Fig. 2b Effect of hole diameter on the critical values of rcr and qe^cr for 16-layer panels with boundary conditions type 2d; LX/L2 = 2.0.

modes). The Rayleigh-Ritz technique is then used to approximate
the linear algebraic eigenvalue problem by a much smaller eigen-
value problem, with the unknowns being the amplitudes of these
modes. An effective set of modes was found to be the path deriva-
tives of the problem (i.e., the various-order derivatives of the re-
sponse quantities with respect to the load parameters q\ and q2).
The equations used in evaluating the path derivatives are obtained
by successive differentiation of the original nonlinear equations
with respect to ql and q2. The left-hand-side matrix in these equa-
tions is the same as that of Eq. (2). The details of applying multi-
ple-parameter reduction methods to the determination of the stabil-
ity boundary are given in kefs. 12 and 13. They involve evaluation
of the path derivatives at q\ = q2 = 0, generation of the reduced
eigenvalue problem that approximates the original eigenvalue
problem, Eqs. (3), and repeated solution of the reduced eigenvalue
problem for different combinations of ql and q2 .

Numerical Studies
To study the effects of variations in the hole size, laminate

stacking sequence, and fiber orientation on the thermornechanical
prebuckling and buckling response characteristics and their sensi-
tivity coefficients, several buckling problems of panels were
solved. The loading on the panels consisted of a uniform_tempera-
ture change T0, an applied edge compressive loading N\, and an
applied edge displacement qe. Henceforth, the three separate load-
ing cases will be referred to as the T0 case, the N\ case, and the qe
case, respectively. For each problem, the derivatives of the critical
combination of temperature change and the applied edge loading
(or edge displacement), with respect to the different material and
lamination parameters, were evaluated. The six types of boundary
conditions given in Table 1 were considered.

The six types of boundary conditions can be divided into two
groups. The first group has the edge displacement MJ prescribed at
xi = ± Li/2, and the second group has the edge loading N\ pre-
scribed along those edges. The two groups are identified with the
letters d and L, respectively. In all of the boundary condition types
the transverse displacement w is restrained along all of the edges,
and the in-plane displacement u2 is restrained at jq = ± Lj/2. In ad-
dition, for boundary condition types 2 and 3, the rotation (^ is re-
strained at Xi = ± Lj/2, and for boundary condition type 3, the in-
plane displacement u2 is restrained at x2 = — LJ2.

Five parameters were varied, namely, the aspect ratio of the
panel, hole diameter, fiber orientation angle, laminate stacking se-
quence, and number of layers. Cross-ply, quasi-isotropic, and
anisotropic panels were considered. The fiber orientation, stacking
sequence, and designation of the panels used in the present study
are shown in Table 2. The material properties and geometric char-
acteristics of the panel are given in Fig. 1. The material properties,
the fiber orientation, and the stacking sequence selected are typical
of composite panels considered for future high-performance air-
craft. Mixed finite element models were used for the discretization
of each panel. Biquadratic shape functions were used for approxi-
mating each of the generalized displacements, and bilinear shape
functions were used for approximating each of the stress result-
ants. The characteristics of the finite element model are given in
Ref. 14. For each panel, the multiple-parameter reduction methods
outlined in Refs. 12 and 13 were used in determining the stability
boundary and in evaluating the sensitivity coefficients. Typical re-
sults are presented in Figs. 2-10 and are described subsequently.

An examination of the stiffness coefficients of the different pan-
els reveals that the panels with adjacent +45- and -45-deg layers
have the same extensional stiffnesses Au, A22, A12, and A66 as the
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corresponding panels with nonadjacent +45- and -45-deg layers.
However, their bending stiffness coefficients Dn and D66 are
higher, and their anisotropic stiffness coefficients D16 and D26 are
lower than those with nonadjacent +45- and -45-deg layers.

For a given number of layers, panel Al has the highest values of
D12 and D66, and panels Cl, C2 have the lowest values of these co-
efficients. Panels Q2 and A5 have higher values of Dn and lower
values of D22 than the corresponding panels (Ql, Q3) and A4, re-
spectively.

All of the bifurcation buckling modes of the panels considered
exhibit either inversion symmetry or antisymmetry. The inversion
symmetry is characterized by the following relations for the gener-
alized displacements:

w(xl9x2) = w(-xl9-x2)
(6)

For the inversion antisymmetry, the right-hand sides of Eqs. (6)
are multiplied by a minus sign.

The effects of varying the stacking sequence and the hole diam-
eter on the critical values of T0 and qe are shown in Fig. 2 for both
square and rectangular panels with Li/L^ = 2. As can be seen in
Fig. 2, for d/L2 ^ 0.25, the critical values of both qe and TQ increase
as the hole diameter increases. The increase is more pronounced
for the quasi-isotropic panels than for the cross-ply panels and for
the panel Al than for the other anisotropic panels. The increase in
the critical values with increasing d/L may be attributed to the re-
distribution of the prebuckling stresses and the associated reduc-
tion in NH in a significant area of the panel. The reduction in Nn is
more noticeable for d/L > 0.3. The critical values of both qe and T0
for the anisotropic panel Al are higher than those for the corre-
sponding cross-ply and quasi-isotropic panels. Higher critical val-
ues of qe and T0 are also observed for panels A2 and A3 and for
panels A4 and A5, respectively, than for the corresponding cross-
ply and quasi-isotropic panels.

The nonmonotonic variation of the critical values with d/L2 for
some of the panels shown in Fig. 2 is due to a mode change that
occurs at some values of d/L2 (the buckling mode changes from a
symmetric to an antisymmetric mode or vice versa).

Fig. 3a Effect of boundary conditions on the critical values of TQ and qe for panels Ql, Q2, Q3, A4, and AS; Ll/L2 = 1.0; prescribed edge displace-
ment uv.
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Fig. 3b Effect of boundary conditions on the critical values of TQ and qe for panels Ql, Q2, Q3, A4, and AS; L1/L2 = 1.0; prescribed edge loading Nl.

Note that, in general, the panels with adjacent +45- and -45-deg
layers have higher critical values of qe and 70 than the correspond-
ing panels with nonadjacent 445- and -45-deg layers. Exceptions
to this are 1) the square panel Ql with d/L2 < 0.5, for which the
critical values of qe and TQ are lower than those for the correspond-
ing panel Q2, and 2) the square panel A4 with d/L2 < 0.5, for
which the critical value of qe is lower than that for the correspond-
ing panel A5.

The effect of the boundary conditions on the critical values of
qe, NI, and T0 for the square quasi-isotropic and anisotropic panels
is shownm Fig. 3. As is to be expected, the magnitudes of the crit-
ical qe, NI, and TQ and their variations with d/L2 are strongly af-
fected by the boundary conditions. For all of the panels consid-
ered, the critical values of qe, N\, and T0 decrease when u2 is
restrained at x2 = ± L2/2. This result can be seen by comparing the
solutions for boundary condition type 3 with the corresponding
ones for boundary condition type 2 (see Table 1). The decrease in
the critical values may be attributed to the increase in the magni-
tude of the prebuckling stress resultant N22 resulting from restrain-
ing u2. The increase is more pronounced for the T0 case than for

both the qe and N\ cases. However, as for panels with no cutouts,
the critical values increase by restraining the rotation fa at the
edges Xi = ± Lj/2 (compare solutions for boundary condition 1
with the corresponding solutions for boundary condition 2). As can
be seen in Fig. 3, for panels with d/L2 > 0.3, the critical values of qe
and TQ generally increase with increasing d/L2. This result is true
for all of the boundary conditions considered. However, the criti-
cal values of NI decrease with increasing d/L2 for the panels Cl,
C2, A4, and A5. Also, the critical values of NI decrease with de-
creasing d/L2 for the panels Ql, Q2, and Q3 with boundary condi-
tion type 2L. However, for the same panels Q with d/L2 > 0.3 and
with boundary condition types 1L and 3L, the critical values of N\
increase with increasing d/L2.

When the rotation fa is not restrained at the edges jq = ± L{/2
(boundary condition types 1L and Id), the panels with adjacent
+45- and -45-deg layers have higher critical values of qe, N\, and
TO than the corresponding panels with nonadjacent +45- and —45-
deg layers, regardless of the ratio d/L2. However, when fa is re-
strained at Xi = ± Li/2, higher critical values for panels with adja-
cent +45- and -45-deg layers are observed only when d/L2 > 0.5.
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12r-

F0.5

90

b)

Fig. 4 Effects of number of layers and stacking sequence on the stability boundary for quasi-isotropic panels, dlL2 = 0.1 and 0.5; boundary condi-
tions type 2d: a) Ll/L2 = 1.0 and b) Ll/L2 = 2.0.

The thermomechanical stability boundaries for quasi-isotropic
panels Ql, Q2, and Q3 are shown in Fig. 4. Panels with 8, 16, and
24 layers; d/L2 = 0.1 and 0.5; and aspect ratios 1 and 2 are consid-
ered. In the figure the applied edge displacement qe is normalized
by the width L2 and the thickness h, and the temperature change TQ
is normalized by the transverse coefficient of thermal expansion
ocr, L2, and h. Note that when d/L2 = 0.5, panels Ql, with adjacent
+45- and -45-deg layers, have higher critical values for qe and T0
than the corresponding panels Q2 and Q3 with nonadjacent +45-
and -45-deg layers. The differences are more pronounced for the
thin eight-layer panels than for the thicker panels. For the panels
Ql, the stability boundary moves inward as the number of layers
NL increases. An opposite trend is observed for the panels Q3. For
square panels Q2, the stability boundaries for the 8-layer and 24-
layer panels are almost coincident and move outward as the num-
ber of layers changes to 16. When the aspect ratio is 2, for panels
Q2 and Q3, the stability boundaries corresponding to AfL = 16 and
24 are almost coincident. As the number of layers increases be-
yond 24, the stability boundary becomes insensitive to the relative
locations of the +45- and -45-deg layers.

A pictorial surface representation of the effect of the hole diam-
eter (d/L2 = 0-0.6) on the stability boundary for 16-layer panels Ql

Fig. 5 Surface plot depicting the effect of hole diameter on the stabil- is shown in FiS- 5- FiSure 5 shows that for a Siven value of d/L2the

ity boundary for 16-layer quasi-isotropic panel Ql, L^L2 = 1; bound- stability boundary is nearly a straight line. The shading on the sur-
ary conditions type 2d. face represents the value of T0 in the critical combination of T0 and
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200

a)

Fig. 6 Effect of number of layers and stacking sequence on the stability boundary for anisotropic panels, dlL2 = 0.1 and 0.5; boundary conditions
type 2d: a) L1/L2 = 1.0 and b) LllL2 = 2.0.

L/L^t.O L/L.̂ 2.0

a) T0 only
(qe=o)

b) qe only
(T0=0)

Fig. 7 Effect of hole diameter on the buckling mode shapes associated
with the lowest eigenvalues for 16-layer quasi-isotropic panel Ql with
boundary conditions type 2d. Spacing of contour lines is 0.2, and
dashed lines denote negative contours. Locations of maximum abso-
lute values are identified with X: a) LllL2 = 1.0 and b) LllL2 = 2.0.

qe, normalized by dividing it by the maximum critical temperature
T± crlmax'

The stability boundaries for the anisotropic panels Al, A3, and
A5 are shown in Fig. 6. Panels with 8,16, and 24 layers; d/L2 = 0.1
and 0.5; and aspect ratios 1 and 2 are considered. The panels Al,
with ±45-deg layers, have higher critical values for TQ and qe than
the other panels. For a given d/L2, the stability boundaries for the
panels Al and A3 are straight lines. However, for the panels A5,
the stability boundaries are not straight lines because of a mode
change (from symmetric to antisymmetric) for d/L2 = 0.5. For pan-
els Al and A3 the stability boundary moves outward as the num-
ber of layers increases above eight. However, the stability bound-
aries corresponding to NL = 16 and 24 are almost coincident.

The effect of increasing the hole diameter on the lowest buck-
ling modes of the 16-layer panels Ql is shown in Fig. 7. The two
cases of T0 = 0 and qe = 0 and the two aspect ratios 1 and 2 are con-
sidered. As the hole diameter increases, higher displacement gradi-
ents are observed in the vicinity of the cutout. Also, for the J0 case,
panels with aspect ratio of 2 experience a mode change (from anti-
symmetric to symmetric) when d/L2 ^ 0.2.

The effect of increasing the hole diameter on the lowest buck-
ling mode, associated with the critical temperature for the 16-layer
anisotropic panels Al, A3, and A5, is shown in Fig. 8. Panels with
aspect ratios 1 and 2 are considered. As for the quasi-isotropic pan-
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Panel A3 Panel AS

a) b)

Fig. 8 Effect of hole diameter on the buckling mode shapes associated with the minimum critical temperature TCT for 16-layer anisotropic panels
Al, A3, and AS with boundary conditions type 2d. Spacing of contour lines is 0.2, and dashed lines denote negative contours. Locations of maximum
absolute values are identified with X: a) L^IL2 - 1.0 and b) LX/L2 = 2.0.
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Fig. 9 Sensitivity of the critical temperature Tcr to variations in hole diameter and material properties of individual layers. Square 16-layer com-
posite panels with boundary conditions type 2d.

els, higher displacement gradients are developed near the cutout
for d/L2 ^ 0.3. Moreover, for L^L2 = 1, a mode change (from sym-
metric to antisymmetric) occurs in panel A5 for d/L2 ^ 0.4, and for
L^L2 = 2, a mode change (from antisymmetric to symmetric) oc-
curs in panel Al for d/L2 > 0.4.

Sensitivity Studies
Sensitivity analyses were conducted to identify which material

parameters most affected the buckling response. The sensitivity of

the minimum critical temperature to variations in the four material
parameters EL, ET, GLT, and aT and the four fiber angles +45, -45,
0, and 90 deg are shown in Figs. 9 and 10. Both the quasi-isotropic
panels Ql and Q3 and the anisotropic panels Al, A3, and A5 are
considered. The effect of the hole size on the normalized sensitiv-
ity coefficients A,(97Y9A,)/rcr, where A, = EL, ET, GLT, and ocr for the
five panels is shown in Fig. 9. As can be seen in Fig. 9, most of
the sensitivity coefficients do not change much with changes in
d/L2. Exceptions are the case of A, = GLT for panels Al, A5, and
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Fig. 10 Sensitivity of the critical temperature Tcr to variations in hole diameter and fiber orientation angles of different layers. Square 16-layer
composite panels with boundary conditions type 2d.

Ql; the case of A, = EL for panel Al; and the case of A, = aT for
panel A5.

The effect of the hole size on the normalized sensitivity coeffi-
cients (3T/36)/rcr is shown in Fig. 10. As can be seen in Fig. 10, df
L2 has a pronounced effect on (37730)/rcr. This observation is par-
ticularly true for 0 = +45 and -45 deg (panel Al); 0 = 90 deg
(panel A3); 6 = +45, -45, and 0 deg (panel A5); and 0 = 0 and 90
deg (panel Q3).

The variation of the sensitivity coefficients with d/L2 was found
to be insensitive to the aspect ratio L^L2.

Concluding Remarks
A study has been made of the buckling response of flat unstiff-

ened composite panels, with central circular holes, subjected to
combined temperature change and applied edge loading (or edge
displacement). The panels considered consist of a number of per-
fectly bonded layers and are symmetrically laminated with respect
to the middle plane. The analysis is based on a first-order shear de-
formation plate theory, in which the effects of both laminated
anisotropic material behavior and average transverse shear defor-
mation through the thickness are included. A linear, Duhamel-
Neumann-type constitutive model is used, and the material proper-
ties are assumed to be independent of temperature. The panels
have been discretized by using two-field mixed finite element
models with the fundamental unknowns consisting of the nodal
displacements and stress-resultant parameters. The stress result-
ants are allowed to be discontinuous at interelement boundaries.

An efficient multiple-parameter reduction method has been used
for determining the stability boundary as well as for evaluating the
sensitivity coefficients that measure the sensitivity of the buckling
response to variations in the different lamination and material pa-
rameters of the panel. Numerical results are presented that show

the effects of variations in the aspect ratio of the panel, hole diam-
eter, fiber orientation angle, laminate stacking sequence, and num-
ber of layers on the thermomechanical buckling response and its
sensitivity coefficients.

The lamination parameters (viz., stacking sequence, fiber orien-
tation, and number of layers) can significantly affect the relative
stiffnesses of the panel. The numerical results presented show a
complex interplay between the relative stiffnesses and the panel,
the hole diameter, the aspect ratio, the boundary conditions, and
the loading. The effect of the individual parameters on the critical
values cannot be easily delineated. However, the following obser-
vations and conclusions can be made:

1) As is to be expected, the magnitudes of the critical loads and
their variation with the hole diameter are strongly dependent on
the boundary conditions and the stacking sequence. The stiffness
of the panel and hence the critical values increase by restraining
the rotation of the loaded edge and decrease by restraining the in-
plane displacement normal to the unloaded edge. The latter may be
attributed to the increase in the prebuckling stress resultant N22,
particularly for the case of temperature change.

2) In general, for panels with d/L2 > 0.3, the critical loads in-
crease as the hole diameter increases. Exceptions to this result are
the critical compressive loads for cross-ply panels, anisotropic
panels with combinations of ±45- and 90-deg layers, and the
quasi-isotropic panels with both the rotations of the loaded edges
restrained and the in-plane displacements of the unloaded edges
unrestrained. The increase in the critical values with increasing d/
L2 may be attributed to the redistribution of the prebuckling
stresses and the associated reduction in Nn in a significant area of
the panel.

3) When the edge rotation is not restrained, the panels with adja-
cent +45- and -45-deg layers have higher values for the critical
loads and critical temperatures than the corresponding panels with
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nonadjacent +45- and -45-deg layers. This result is true for all of
the hole diameters considered in the present study. On the other
hand, when the edge rotation is restrained, higher critical values
for panels with adjacent +45- and —45-deg layers are observed
only for large hole diameters, d/L2 > 0.5.

4) For a given hole diameter, the thermomechanical interaction
curve (stability boundary) is a straight line. Exceptions to this re-
sult are cases for which a mode change occurs (from symmetric to
antisymmetric mode or vice versa) at a particular combination of
thermal and mechanical loads.

5) The normalized sensitivity coefficients of the critical temper-
ature for quasi-isotropic and anisotropic panels with combinations
of +45-, -45-, and 0-deg layers do not change much with changing
the hole diameter. However, some of the sensitivity coefficients
for anisotropic panels with no 0-deg layers, change significantly
with the change in the hole diameter.

Appendix A: Thermoelastic Constitutive Relations
for the Laminate

The thermoelastic model used in the present study is based on
the following assumptions.

1) The laminates are composed of a number of perfectly bonded
layers.

2) Every point of the laminate is assumed to possess a single
plane of thermoelastic symmetry parallel to the middle plane.

3) The material properties are independent of temperature.
4) The constitutive relations are described by the lamination the-

ory and can be written in the following compact form:

NL

[A] [B] 0

[*]' [0] 0
0 0 [AJ

NT

MT

0
(Al)

where [N], {M}, {<2K {e}, {K}, and {y} are given by

M2 M12]

{QY=[Qi

82 2812]

K2 2K12]

{y}'=[2e13

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

[{NT} {Mr}]= Y P
-

(See, for example, Refs. 17 and 18.)

(A10)

Appendix B: Form of the Arrays in the Governing
Discrete Equations of the Panel

The governing discrete equations of the panel, Eqs. (1), consist
of both the constitutive relations and the equilibrium equations.
The response vector {Z} can be partitioned into the subvectors of
stress-resultant parameters {H} and the free (unconstrained) nodal
displacements [X] as follows:

(Bl)

The different arrays in Eqs. (1-4) can be partitioned as follows:

IK] =
-FS}

S\ 0

\JltX,XJ
\N(H,X,Xe)

-Mloj

= 11\f\

(B2)

(B3)

(B4)

(B5)

for the applied edge loading case and

f-[S2]{X
0

for the applied edge displacement case and

0 0
0 [*

(B6)

(B7)

The matrices [A], [/?], [D], and [AJ can be expressed in terms of
the layer stiffnesses as follows:

NL

[gf }

*= i
(A9)

where [/] is the identity matrix and hk and hk_l are the distances
from the top and bottom surfaces of the Mi layer to the middle sur-
face. The expressions for the different coefficients of the matrices
[g]( ) and [Qs]( in terms of the material and geometric proper-
ties of the constituents (fiber and matrix) are given in Refs. 15 and
16.

The vectors of thermal forces and moments [NT] and [MT] are
given by

[K2] = 0 0
0 [K2]

-|3F'| Q
3XeJ
0 0

0

(B8)

(B9)

(BIO)

where 0 refersjo a null matrix or vector. For the case of applied
edge forces, {XJ in Eqs. (B3) is absent.

For the purpose of obtaining analytic derivatives with respect to
lamination parameters (e.g., fiber orientation angle of different
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layers), it is convenient to express
as follows:

in terms of (3[F]~V

(Bll)

[A] [B] 0

[*]' [»] 0
0 0 [A,]_

[A] [B] 0
[B]' [D] 0
0 0 [A,]

The explicit forms of (3[F]"V3A,e) and {3er/3A,e} are given in
Appendix C.

Appendix C: Explicit Forms of 5w
It is convenient to partition the matrices [F]"1 and (3[F]"V3^e)

for individual elements, into blocks and to partition the vectors
and 3{er}/3A,£ into subvectors.

The expression of a typical block (/', /) of d[F]~V3A,e is given
by

dK9

where

[A] [B] 0

[*]' [D] 0
0 0 [A,]

(Cl)

[A]
d rTnW

i(*)

(C2)

(C3)

where Q(€) is the element domain.
The expression of a typical partition /' of the thermal strain vec-

tor {£r} is given by

= L
[A] [B] 0

[B]' [D] 0
0 0 [AJ

•AT., (C4)

The expression of a typical partition f of the vector {3£r/3A,e}/'
is given by

E_r ,

aXe.. J,.,

[A] [B] 0

[B]' [D] 0
0 0 [AJ

M

where

[A] [B] 0

[B]' [D] 0
0 0 [AJ

[A] [B] 0

[B]' [D] 0
0 0 [AJ

N, <C5)

[A] [B] 0

[«]' [D] 0
0 0 [AJ

(C6)

and

k= 1

(C7)

Analytic expressions are given in Ref. 19 for the laminate stiff-
nesses [A], [B], [D], and [AJ; the vectors of thermal effects [NT]
and {Mr}; and their derivatives with respect to each of the mate-
rial properties and fiber orientation angles.
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